It has been formulated a non-linear ordinary differential equation (ODE) which plays the dynamics of a SI-like infectious process with recovery rate and prevention coverage. Such equation is analyzed as a Bernoulli ODE in terms of the epidemic threshold R 0 . After that, it is introduced a term which contemplates the infected population diffusion, and then, determining a Fisher-like reaction diffusion partial differential equation (PDE). This one is analyzed by introducing traveling wavelike solutions. The equation turns in a dynamical system from which a local stability analysis is carried out, establishing a local stationary and asymptotically stable solution and one unstable stationary solution. Finally, it is analytically obtained a trajectory which joins together the stationary solutions, the so called Heteroclinical
Introduction
Through history epidemics have been a hot topic for humanity. With the goal of setting theories which allow the understanding of it. In this way, mathematics have been applied to epidemiology as a tool to study such issues. This because it allows to turn it from its complex reality to a theoretical scheme, which somehow facilitates the understanding of the phenomena and the relation between variables [2] .
The epidemic threshold R 0 is an extremely important index in epidemiology, since, it establishes the terms for the existence of an epidemics in a population. The reaction-diffusion systems are mathematical models used in different fields as: biology, chemistry, medicine, ecology, etc. Such systems have as end the description of how one or more substances, populations, genes, etc, distributed in the space are affected by two processes: diffusion and reaction [7] .
Some outstanding works on reaction-diffusion are: the Ronald Fisher model, Fisher linear model of advantageous genes, in which a partials derivative equation is proposed to explain the spatial behavior of two populations with a mutant gene and its dispersion. Also, Alan Turin have proposed a model in which an idealized embryo contains two characteristic chemical substances (morphogens). Those substances react each other in each cell and they diffuses between neighboring cell with a diffusion coefficient [5] .
Taking into account the previously mentioned concepts, we have carried out the study of a Fisher reaction-diffusion equation. Also, the R 0 has been determined, a stability and sensitivity analysis, and some simulations with parameters values obtained from references previously published. All the simulations have been developed using computational tools as the MATLAB software.
A SI model without diffusion
In this section we set and study a theoretical model to show the dynamics of a SI-like disease by considering the infected population and a prevention measure. The variables and parameters of the model are: β: transmission probability, y: fraction of infectious persons at time t, 1 − y: fraction of susceptible persons at time t, σ: fraction of persons under preventive measures, α: the recovery rate of persons, µ: natural death rate, and : death rate due to the infection.
The diagram which describes the dynamics is: where , µ, α > 0 and 0 < β, σ, y < 1 and with initial conditions y(0) = y 0 .
The non-linear ordinary differential equation which interprets the infection behavior is
From where, the epidemic threshold R 0 is obtained, which in this models is defined as,
R 0 is considered as a σ parameter function, this is why such parameter takes part in the infectious process and in the number of new cases, then, it makes sense to talk about R 0 (σ).
By rewriting (1) in terms of (2), we are able to analyze it as a Bernoulli ordinary differential equation [6] dy dt
In which, the solution obtained with the initial condition y(0) = y 0 is the trajectory described by,
Afterwards, by using limits, we will analyze the asymptotic behavior of the disease as function of t, and considering three different scenarios:
Of the above we conclude that if R 0 < 1 the infectious people population tends to be vanished. For R 0 = 1 the population is in an endemic stage, and for R 0 > 1 the population tends to stabilize.
Later on, as R 0 is in function of the prevention measure, and we now that the infected people population tends to be zero over time when R 0 < 1. We stat out from R 0 (σ) < 1, which is the condition that must be fulfilled to assure a control. By replacing (2),
and clearing σ, we have,
From (6) we have as result an inequality which indicates us that, upon defining the parameters values, if σ fulfills the inequality, we have that R 0 < 1, and then there will be an extinction of the disease over time.
All simulations were obtained using the following hypothetical values for the parameters on the MATLAB software. Table 1 : Parameters values By replacing the parameters values in (6), and to achieve control over the disease (R 0 < 1), it must be fulfilled:
the graph of the function R 0 (σ) From 2 we conclude that as mayor the prevention is, the quicker the disease is controlled, but note that it is not necessary a large prevention. Fulfilling the inequality is enough to achieve control, generating a lower cost in prevention.
The behavior of (4) It is observed that no matter the initial population used, after 50 days the infected people population tends to disappear.
SI model with diffusion
The equation (3) be interpreted as a Logistic (Verhulst) equation,
, where:
• γ: the net growth rate.
• K: the charge capacity.
After that, the function K(R 0 ) =
is analyzed, which one simulates the behavior of the charge capacity as function of R 0 . From this figure we can see that R 0 tends to grow as the charge capacity does, this is, as the number of infections by a person increases, more capacity needs to hold the system. As (8) also interprets the dynamics of our model, adding a spatial diffusion term, we have
Then, (9) seems like a reaction-diffusion partial differential equation, the socalled Fisher equation [4, 5] , where the terms which takes play are:
• ρ
Lets suppose that (9) has the following solutions
as long as
As the z function depends on only one variable, from (10) and using the chain rule, we achieve
By replacing the derivatives of (11) in (9), 
Which are E 0 = (0, 0) y E 1 = (K, 0). Now, the Jacobian of the system is
Obtaining the partial derivatives of the Jacobian we have
Now, we evaluate each stationary point in the Jacobian.
for E 0 :
where the trace and determinant are T r(J(E 0 )) = − v ρ and det(J(E 0 )) = γ ρ , respectively. As T r(J(E 0 )) < 0 and det(J(E 0 )) > 0, then by the tracedeterminant criteria [1] , we find that E 0 is a is a local node and asymptotically stable.
For E 1 :
where the trace and determinant are T r(J(E 1 )) = − v ρ anddet(J(E 1 )) = − γ ρ , respectively. As T r(J(E 1 )) < 0 y det(J(E 1 )) < 0, then by the tracedeterminant criteria [1] , we find that E 1 is a saddle point. Now, we study the global behavior of the trajectories by using the inequality
where
) [3] . Using the previously mentioned parameters 2 and R 0 = 3, we have γ = 0.6, and K = 0.66, then ρ = 0.4, we have
For all v q, It may have only one traveling wave-like solution and also there exist an heteroclinic trajectory [3] . Later on, we have simulated the following phase diagram by using MATLAB software [8] , 
Conclusions
Defining R 0 as function of the prevention measure (σ) allows us to find a requirement to obtain R 0 < 1, indicating control over infection which drives to a reduction in the costs of prevention. For the Fisher reaction-diffusion equation there is a heteroclinic trajectory. There is a heteroclinic trajectory for the Fisher reaction-diffusion equation.
